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THE YONEDA ISOMORPHISM
COMMUTES WITH HOMOLOGY
GEORGE PESCHKE AND TIM VAN DER LINDEN
Abstract. We show that, for a right exact functor from an abelian category
to abelian groups, Yoneda’s isomorphism commutes with homology and, hence,
with functor derivation. Then we extend this result to semiabelian domains.
An interpretation in terms of satellites and higher central extensions follows.
As an application, we develop semiabelian (higher) torsion theories and the
associated theory of (higher) universal (central) extensions.
Introduction
Yoneda’s lemma establishes for any Set-valued functor F : X Ñ Set and any
object U of X the bijection
NatpHomX pU,´q, F q ÝÑ FU, τ ÞÑ τp1U q.
We refer to this bijection as theYoneda isomorphism [39, pp. 59ff.], and note that
it follows without any further assumptions from the structural axioms of categories.
It therefore belongs to the very foundations of the theory of categories.
If X is enriched in the category of abelian groups Ab, and F is additive and
Ab-valued, then the Yoneda isomorphism is a morphism of abelian groups. This
may be verified directly, or seen as a special case of results in [36].
Extending work of Mac Lane [37], as a critical refinement of Ab-enriched cat-
egories, Buchsbaum [10] and Grothendieck [24] introduced abelian categories to
provide a purely axiomatic foundation for homological algebra. The key result of
the present paper establishes a homological Yoneda isomorphism, Lemma 1.1: For
a chain complex C in an abelian category A , and a right exact functor T from A
to the category of abelian groups,
NatpHnHomA pC,´q, T q –ÝÝÝÝÝÑ HnTC.
This result belongs to the very foundations of abelian categories as it follows without
any further assumptions from their structural axioms, and this is visible in its proof:
Yoneda’s lemma turns the claim into a tautology upon contemplating the self-dual
nature of the concept of ‘chain complex’ and what this means to ‘homology’.
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2 GEORGE PESCHKE AND TIM VAN DER LINDEN
The homological Yoneda isomorphism immediately implies results about the left
derived functors of T which go back as far as Yoneda [51] and Hilton–Rees [26], see
also [27]: in particular, the existence of natural isomorphisms
NatpExtnpM,´q, T q –ÝÑ LnT pMq.
Moreover, the homological Yoneda isomorphism is compatible with the connecting
morphism in the long exact homology sequences associated to a short exact sequence
of chain complexes; see Theorem 1.3.
The much younger concept of semiabelian categories was introduced in [35]. It
constitutes a synthesis between previous efforts toward an axiomatic foundation
for homological algebra in the absence of enrichment in abelian groups—see, for
instance, [30, 20, 43]—and recent discoveries in Categorical Algebra, such as the
interplay between Barr exactness [1] and Bourn protomodularity [5, 6]. Exam-
ples of semiabelian categories are the categories of groups, loops, rings, associative
algebras, Lie algebras, crossed modules, and many others.
We show that the homological Yoneda lemma is also valid for (sequentially) right
exact functors from a semiabelian category X to the category of abelian groups;
see 4.2; see 3.1 for the definition of ‘sequentially right exact functor’. We view this
as additional evidence of the ideal adaptedness of semiabelian categories to their
intended purpose.
As an application of the homological Yoneda lemmas 1.1 and 4.2 we develop
a general theory of higher universal central extensions in a suitable semiabelian
varietyX : A reflector T fromX to a subcategory R of its abelian core determines
a family of object classes T0 Ě T1 Ě ¨ ¨ ¨ Ě Tn Ě ¨ ¨ ¨ in X as follows: An object X
belongs to Tn if the left derived functors LiT pXq vanish for 0 ď i ď n. We
identify T0 as the torsion class of a (non-abelian) torsion theory. Accordingly, for
n ě 1, the Tn could be called higher torsion classes. Via the homological Yoneda
isomorphism 4.2 we prove that X belongs to Tn if and only if Ext0pX,´q “ ¨ ¨ ¨ “
ExtnpX,´q “ 0; see 6.4.
Now consider an object X in Tn´1. The universal coefficient theorem 6.5 estab-
lishes a natural equivalence of the functors´
HomRpLnT pXq,´q –ùñ ExtnpX,´q|R
¯
: R ÝÑ Ab.
When R is an abelian subvariety of a semi-abelian variety X satisfying the so-
called Smith is Huq condition 2.5, recent work in [47] tells us that for M in R,
the group ExtnpX,Mq is (naturally) isomorphic to the group of equivalence classes
of central n-extensions under M and over X. Hence Yoneda’s lemma yields the
existence of a universal central n-extension under LnT pXq and over X; see 6.7.
Thus we lift results from [44] about module categories to a semiabelian set-
ting, and known results on one-fold central extensions [11] to higher degrees. The
outcome is new, even in the categories of groups and Lie algebras. An explicit con-
struction of higher universal central extensions is given in 6.11. Finally, we should
point out that the definition of universality of a higher central extension is not a
direct analogue of the classical one dimensional definition; see Section 6 for details.
Organisation of the Paper. We have endeavoured to make this paper as ac-
cessible as possible. For example, Sections 4 and 6 are written so that they have
immediate and meaningful interpretations from both (1) the Barr–Beck view of
THE YONEDA ISOMORPHISM COMMUTES WITH HOMOLOGY 3
cotriple derived functors [2] and (2) the view of Quillen’s simplicial model catego-
ries via [45, II, Theorem 4] and [49].
In Section 1 we prove the homological Yoneda lemma and infer immediate conse-
quences. In Section 2 we collect background on semiabelian categories. In Section 3
we establish a deeper link between the (large) 2-category ACat of abelian categories
and right exact functors, and the (large) 2-category SACat of semiabelian catego-
ries and sequentially right exact functors: the ‘abelian core’ is a pseudoreflector
from the latter to the former; see Theorem 3.4. In Section 4 we extend the results
of Section 1 to right exact functors from a semiabelian category to the category of
abelian groups. In Section 5 we outline the theory of higher central extensions in
semiabelian categories. This enables us to (1) interpret the results of Section 4 in
terms of satellites and (2) develop a theory of higher universal central extensions
in Section 6. In Appendix A we present facts about chain complexes in abelian
categories and their homology. While this material is elementary, the view offered
here helps understand why Yoneda’s isomorphism commutes with homology.
Acknowledgements. We are grateful for the referee’s comments which have
helped make the paper clearer and more generally accessible. It is a pleasure to
thank George Janelidze for adding his insight; see the passage ‘Added in proof’ at
the very end.
1. Yoneda’s Isomorphism Commutes with Homology: Abelian Case
In this section we prove the homological Yoneda lemma 1.1, and show that it is
compatible with the connecting morphism in the long exact homology sequence of
a short exact sequence of chain complexes: Theorem 1.3.
Lemma 1.1 (Homological Yoneda lemma). Let T : A Ñ Ab be a right exact
functor from an abelian category to the category of abelian groups, and let C be a
chain complex in A . If n P Z, there is an isomorphism, natural in C and in T ,
YnpCq : NatpHnHomA pC,´q, T q –ÝÑ HnTC.
Proof. As in A.1, we use here both the kernel and the cokernel constructions of
homology. Setting Homp¨,´q– HomA p¨,´q, we compute:
NatpHncHompC,´q, T q – NatpCokerpHompCn´1,´q Ñ Kerpdn˚`1qq, T q
– KerpNatpKerpdn˚`1q, T q Ñ NatpHompCn´1,´q, T qq
– KerpNatpHompCokerpdn`1q,´q, T q Ñ NatpHompCn´1,´q, T qq
– KerpTCokerpdn`1q Ñ TCn´1q
– KerpCokerpTdn`1q Ñ TCn´1q
“ HknTC – HcnTC
These isomorphisms exist for the following reasons (in order of appearance):
(1) the standard definition of cohomology of a cochain complex;
(2) continuity of Nat in the first variable;
(3) continuity of Hom in the first variable;
(4) the ordinary Yoneda lemma applied twice;
(5) right exactness of T ;
(6) the kernel definition of homology of a chain complex;
(7) follows via the snake interchange argument in A.1. 
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Remark 1.2. Lemma 1.1 may be viewed as a generalisation of Yoneda’s lemma
as follows: Given an object M in A , let KpM, 0q be the chain complex with M in
position 0, and zero objects everywhere else. Then
H0HomA pKpM, 0q,´q – HomA pM,´q and H0TKpM, 0q – TM.
In this special case, 1.1 is the standard Yoneda lemma.
Theorem 1.3. Let T : A Ñ Ab be a right exact functor on an abelian category.
Then every term-wise split short exact sequence of chain complexes in A
0 ,2 A  ,2
α ,2 B
β  ,2 C ,2 0 (‹)
determines an isomorphism of long exact sequences of abelian groups:
NatpHn`1HompC,´q, T q
p˚q– Yn`1pCq

pδn`1q˚,2 NatpHnHompA,´q, T q pα
˚q˚,2
YnpAq –

NatpHnHompB,´q, T q pβ
˚q˚,2
YnpBq –

NatpHnHompC,´q, T q
YnpAq –

¨ ¨ ¨ Ñ Hn`1TC Bn`1 ,2 HnTA Tα ,2 HnTB Tβ ,2 HnTC Ñ ¨ ¨ ¨
Moreover, this isomorphism is natural with respect to T and morphisms of short
exact sequences (‹).
Proof. To begin let us note that the half exact functors Homp¨,´q – HomA p¨,´q
and T turn the given split exact sequence of chain complexes into split exact se-
quences of (co-)chain complexes. In view of Theorem 1.1 it only remains to show
that the rectangle p˚q on the left commutes. The argument is an extension of the
proof of Theorem 1.1: While, for every chain complex U in A , Yoneda’s lemma
turns the (cokernel) description of HncHompU,´q into the (kernel) description of
HknTU , it turns the corresponding description of the connecting morphism pδn`1c q˚
associated to the short exact sequence of cochain complexes
0 HompA,´qlr HompB,´qα˚lr HompC,´qlrβ
˚
lr 0lr
into the description of connecting morphism Bkn`1 : Hkn`1TC Ñ HknTA; see A.1.
Equivalently, since the covariant functor Natp¨, T q : pAbA qop Ñ Ab preserves limits,
it sends the kernel description of pδn`1c qop to the kernel description of Bkn`1. Either
way, we see that the rectangle in question commutes. Naturality of this morphism
of long exact sequences follows from the naturality of the operations involved. 
As an immediate corollary we obtain the classical formula of Yoneda [51] and
Hilton–Rees [26] for left derived functors, plus its compatibility with the connecting
homomorphism.
Theorem 1.4. Let A be an abelian category with enough projectives and let
0 ,2 K  ,2
k ,2 X
f  ,2 Y ,2 0
be a short exact sequence in A . Then a right exact functor T : A Ñ Ab yields the
isomorphism of long exact sequences of abelian groups below.
NatpExtn`1pY,´q, T q
– Yn`1pY q

pδn`1q˚,2 NatpExtnpK,´q, T q pk
˚q˚ ,2
YnpKq –

NatpExtnpX,´q, T q pf
˚q˚,2
YnpXq –

NatpExtnpY,´q, T q
YnpY q –

¨ ¨ ¨ Ñ Ln`1T pY q Bn`1 ,2 LnT pKq k˚ ,2 LnT pXq f˚ ,2 LnT pY q Ñ ¨ ¨ ¨
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Proof. Cover the given short exact sequence by a short exact sequence of projective
chain complexes, and apply Theorem 1.3. 
Remark 1.5 (Enrichment in RMod). Given a ring R, and a left exact functor
T : A Ñ RMod, we may equivalently regard T as taking values in the category of
(left R and right Z)-bimodules. Accordingly, the Yoneda isomorphism
NatpHomA pX,´q, T q Ñ TX
is an isomorphism of pR,Zq-bimodules. This bimodule compatibility passes through
the proofs of the results in the current section.
2. Background on Semiabelian Categories
Extending work of Mac Lane [37], abelian categories were designed in [10] and [24]
as an axiomatic framework for classical homological algebra. From the 1960s on,
several dissimilar seeming approaches aimed at generalizing this framework so as
to include all varieties such as ‘groups’, ‘Lie algebras’, ‘loops’, ‘non-unitary rings’,
etc.—see, for instance, [30, 20, 43]. In order to unify these early axiom systems,
together with the results using them, the much younger concept of semiabelian
categories was introduced in [35].
Such unification had become possible via recent developments in Categorical
Algebra, in particular the concepts of Barr exactness [1] and Bourn protomodu-
larity [5, 6]. The result is a delicate balance between sacrificing enrichment in
abelian groups, while preserving the validity of certain diagram lemmas whose use
is essential in homological algebra. Examples include the Short Five Lemma, the
p3ˆ 3q-Lemma, and the Snake Lemma.
For a nice introductory survey to semiabelian categories we suggest [3, 7] and for
a comprehensive treatment we recommend [4]. In the following we highlight some
well-known facts which are essential to our purpose.
2.1. The Abelian Core of a Semiabelian Category. Whenever an object in a
semiabelian category X admits an internal abelian group structure, this structure
is necessarily unique. The collection of all abelian group objects in X determines
a full subcategory AbpX q of X , called the abelian core. It is an abelian sub-
category of X which is reflective in X . Its unit ‘abelianisation’ consists of regular
epimorphisms ηX : X Ñ abX pXq. Using the treatment of cooperating monomor-
phisms in [4, p. 28ff], abelianisation may be constructed via the pushout diagram
below.
X `X
$% 1X 0
0 1X
,-
 ,2
p 1X 1X q_
XˆX
_
X
ηX
 ,2 abX pXq
Example 2.2. [19, p. 106] The abelian core of a semiabelian variety X is the
category RMod, where R is the endomorphism ring of the abelianisation of the free
object on a single generator.
Lemma 2.3. Let T : X Ñ R be a reflector on a semiabelian category X onto
a full and replete subcategory R of its abelian core, and let F : R Ñ Ab be an
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arbitrary functor. Then the isomorphism below is natural in X and F .
FT pXq – NatpHomX pX,´q|R, F q
Proof. We have the natural equivalence
ϑ “ pϑX˚qX : HomX pTX,´q|R ñ HomX pX,´q|R,
induced by the reflection unit ϑX : X Ñ TX. Therefore,
FTX – NatpHomRpTX,´q, F q
“ NatpHomX pTX,´q|R, F q
– NatpHomX pX,´q|R, F q. 
Example 2.4 (Groups). In Lemma 2.3, take X – Gp and F – ab|Ab, the
restriction of ‘abelianisation’ on Gp to abelian groups. Then, for any group X,
abpXq – NatpHomAbpabpXq,´q, 1Abq – NatpHomGppX,´q|Ab, ab|Abq.
2.5. Commutators. To discuss central extensions we require commutators: we
compute using the Higgins commutator [40]. The characterisation of central exten-
sions on which Definition 5.3 is based works if binary Higgins commutators suffice
to express higher centrality. This happens [46] whenever the Smith commutator
of equivalence relations [48] agrees with the Huq commutator of normal subob-
jects [30]. Semiabelian categories satisfying this Smith is Huq condition (SH)
include pointed strongly protomodular varieties [4] and categories of interest [43].
So categories of groups, Lie algebras and associative algebras are examples.
2.6. Construction of the Higgins commutator. Given two monomorphisms
k : K Ñ X and l : LÑ X, form the short exact sequence below from the compari-
son map K ` L and K ˆ L:
0 ,2 K ˛ L
_
 ,2 ,2 K ` L
$% 1K 0
0 1L
,-
 ,2
p k l q

KˆL ,2 0
rK,Ls ,2 ,2 X
The image rK,Ls Ñ X of K ˛ L in X is called the Higgins commutator of K
and L. For groups or Lie algebras this yields the familiar commutator subobject.
An object X semiabelian category X is abelian precisely when rX,Xs “ 0, so
that abX pXq – XrX,Xs .
2.7. Birkhoff Subcategories. A Birkhoff subcategory of X is a full and
replete reflective subcategory which is closed under subobjects and regular quo-
tients [34]. A Birkhoff subcategory of a variety of universal algebras is the same
thing as a subvariety in the Birkhoff sense. For example, the abelian core AbpX q
of a semiabelian category X is always a Birkhoff subcategory.
3. Sequentially Right Exact Functors
As is well known, a functor between abelian categories preserves cokernels ex-
actly when it preserves finite colimits, and so either property can be taken as a
definition of ‘right exact functor’. For functors between semiabelian categories, the
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two properties differ. Moreover, subobjects need not be normal. So it is not im-
mediately clear how to extend the notion of ‘right exact functor’ to semiabelian
categories.
Guided by the objective to facilitate functor derivation, we introduce here the
concept of ‘sequentially right exact functor’ between semiabelian categories; see 3.1
below. As deeper evidence that it serves its purpose well, we offer Theorem 3.4
which asserts that any such functor commutes with abelianisation up to unique
natural equivalence. — This property is not shared by the competitors cokernel
preserving, respectively finite colimits preserving functors.
Let us begin this development by recalling the following concepts:
(1) A morphism u : U Ñ V in a semiabelian category is called proper if its image
is a kernel.
(2) The diagram below is exact at V
U
u ,2 V
v ,2 W
if Kerpvq “ Impuq. This implies, in particular, that u is a proper morphism.
(3) An exact sequence is a sequence of morphisms which is exact in each position.
A short exact sequence is an exact sequence
0 ,2 K  ,2
k ,2 X
f  ,2 Y ,2 0.
Definition 3.1 (Sequentially (right) exact functor). A functor T : X Ñ Y be-
tween semiabelian categories is called sequentially exact if it preserves all short
exact sequences. It is called sequentially right exact if it turns an exact sequence,
as on the left below, into the exact sequence on the right.
U
u ,2 X
f  ,2 Y ,2 0 TU
Tu ,2 TX
Tf  ,2 TY ,2 0
A sequentially right exact functor is automatically proper in the sense that it
sends proper morphisms in X to proper morphisms in Y . One key feature of
sequentially right exact functors is the following lemma; note that preservation of
finite colimits need not suffice for it to hold.
Lemma 3.2. A sequentially right exact functor between semiabelian categories pre-
serves finite products.
Proof. In Definition 3.1 let X be the product of U and Y , u “ x1U , 0y and f “ piY .
Then Tu is a proper split monomorphism, which implies that TX – TU ˆ TY by
the Short Five Lemma. 
3.3. The 2-Category SACat. Here we introduce our work environment: let SACat
be the (large) 2-category with objects semiabelian categories, morphisms sequen-
tially right exact functors and 2-cells natural transformations between them. It
contains ACat, the (large) 2-category of abelian categories and right exact functors
as a full and replete subcategory. The following Theorem 3.4 binds SACat to ACat
in a manner which is fundamental for our purposes.
Theorem 3.4. The 2-category ACat is pseudo-reflective [18] in SACat via the
‘abelian core’ functor
Abp´q : SACat ÝÑ ACat.
Its unit at a semiabelian category X is the reflector abX : X Ñ AbpX q as in 2.1.
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Proof. Checking that for any abelian category A , the functor
ab˚X “ NatpabX ,A q : NatpAbpX q,A q Ñ NatpX ,A q
defined by composition with abX is an equivalence of categories amounts to proving
that any sequentially right exact functor T : X Ñ Y in SACat commutes with
abelianisation up to unique natural isomorphism: AbpT q˝abX – abY ˝T .
We know from 3.2 that T commutes with finite products. So it preserves the
structure diagrams for an abelian group object, hence sends abelian group objects
in X to abelian group objects Y .
Step 1: suppose T takes values in an abelian category. Given an object X in X ,
consider the commutative diagram below.
T pX `Xq
T
$% 1X 0
0 1X
,-
 ,2
T p 1X 1X q-sz
T pXˆXq
_
pTXq ` pTXq –  ,2
_
σ
3:
_
pTXqˆpTXq
_
–
2:
TX
ηX  ,2 T pabX pXqq
TX
ηTX
–  ,2 abY pTXq
φ
2:
The front face is the abelianisation pushout of TX in Y . The back face results
from applying T to the abelianisation pushout of X in X . This is a pushout as
well because right exactness of T yields a regular epimorphism between the kernels
of the horizontal morphisms. The morphism σ is the canonical one. It has a left
inverse because finite sums and products coincide in AbpY q. Consequently, φ is an
isomorphism as required.
Step 2: T : X Ñ Y is arbitrary in SACat. Then abY ˝T : X Ñ AbpY q is a
functor in SACat to which we may apply Step 1. Thus the claim follows. 
Corollary 3.5. A functor T : X Ñ A from a semiabelian category to an abelian
category is sequentially right exact if and only if it commutes with finite colimits.
Proof. Suppose T is sequentially right exact. By 3.4, T is equivalent to the com-
posite AbpT q˝abX . The abelianisation functor on X has a right adjoint, hence
commutes with arbitrary colimits. Moreover, the restriction AbpT q of T to the
abelian core of X is sequentially right exact if and only if it commutes with finite
colimits.
Conversely, if T commutes with arbitrary finite colimits, then it commutes with
cokernels, and this implies the claim. 
3.6. Adjunctions in SACat. Consider an adjoint functor pair in SACat, with
left adjoint T : X Ñ Y and right adjoint G : Y Ñ X . Then G is automatically
sequentially exact, and T sends projectives inX to projectives in Y . Furthermore,
G reflects regular epimorphisms if and only if the adjunction counit εY : TGY Ñ Y
is a regular epimorphism for every Y in Y . In this case, whenever X has enough
projectives, so does Y .
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Examples of SACat-adjunctions in which G reflects regular epimorphisms include
all regular epi-reflections to full and replete semi-abelian subcategories of X , as
well as all ‘change of ring’ adjunctions between module categories. Every reflector
to an abelian subcategory of which the inclusion functor is exact is a member of an
SACat-adjunction; likewise, such is the reflector to any subvariety of a semi-abelian
variety.
Beware: even the category of abelian groups contains full and replete regular epi-
reflective subcategories which are not part of an SACat-adjunction—for instance,
the category of torsion free abelian groups is one such, as it is not abelian, and
even fails to be semi-abelian. Examples of adjoint functor pairs between abelian
categories which do not belong to SACat can be found amongst the embeddings of
categories of sheaves into categories of presheaves; see, for instance, [50, pp. 26ff.].
4. Yoneda’s Isomorphism Commutes with Homology:
Semiabelian Case
4.1. The Homological Yoneda Lemma in Semiabelian Categories. Here
we show that the homological Yoneda lemma holds for (sequentially) right exact
functors from a semiabelian category to the category of abelian groups; see 4.2. As
an immediate consequence, we see that the abelian based formula of Yoneda [51]
and Hilton–Rees [26] for derived functors is valid for semiabelian domain categories
as well.
Let us begin by explaining how we derive functors here. Every object X in a
semiabelian category X with enough projectives has a (semi)simplicial projective
resolution P pXq Ñ X, and the left derived functors of a right exact T : X Ñ Ab
may be defined via the Moore homology
LnT pXq– HnT pP pXqq.
Similarly, for an object A in the abelian core AbpX q of X ,
ExtnpX,Aq– HnHomX pP pXq, Aq
is the n-th derived functor of the contravariant functor HomX p¨, Aq : X Ñ Ab.
This slightly ad hoc approach to deriving functors is sufficient for our purposes.
The reader is therefore free to adopt, for example,
(1) the framework of comonadically defined resolutions that are available if X
is a semiabelian variety: the comonad comes from the ‘(underlying set)–
(free object)’ adjunction;
(2) Quillen’s framework of simplicial model categories and choose a cofibrant
replacement of a constant simplicial object, in the simplicial model category
structure in Quillen’s [45, II, Theorem 4] via [49].
For example, if X “ Gp and T is abelianisation, then LnT pXq – Hn`1pXq, where
the right hand side is classical group homology.
Lemma 4.2 (Homological Yoneda lemma: semiabelian case). Let T : X Ñ Ab be
a (sequentially) right exact functor from a semiabelian category X to the category
of abelian groups, and let S be a simplicial object in X . Then, for n ě 0, there is
an isomorphism, which is natural in S and in T :
NatpHnHomX pS,´q|AbpX q, T |AbpX qq –Ñ HnTS.
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Proof. Let C denote the unnormalised chain complex associated to abX pSq. Then
HnHomX pS,Aq – HnHomAbpX qpabX pSq, Aq – HnHomAbpX qpC,Aq
HnT pSq – HnT pabX pSqq – HnT |AbpX qpCq
Critical here is that, up to a natural isomorphism, T factors through the abelian
core of X ; see 3.4. Now the claim follows from Theorem 1.1. 
Theorem 4.3. Let T : X Ñ Ab be a right exact functor on a semiabelian category
with enough projectives. Then, for X in X and n ě 0, there is an isomorphism
Yn : NatpExtnpX,´q, T |AbpX qq –Ñ LnT pXq,
which is natural in X and in T .
Proof. For n “ 0, this follows from Lemma 2.3. For n ě 1, apply Theorem 4.2 to
a simplicial projective resolution of X. 
Remark 4.4. The isomorphism in Theorem 4.3 actually expresses a local self-
adjointness property of the derivation operator on suitable functors,
NatpExtnpX,´q, T |AbpX qq – NatpHomX pX,´q,LnT q.
In Section 6 we will require the following consequences of 4.2 and 4.3.
Corollary 4.5. Let T : X Ñ RMod be a right exact functor. If X has enough
projectives then, for n ě 0 and X in X , there is an isomorphism of left R-modules
Yn : NatpExtnpX,´q, T |AbpX qq –Ñ LnT pXq,
which is natural in X and in T .
Proof. An isomorphism of right Z-modules comes from 4.3. For the additional
enrichment in left R-modules, see Remark 1.5. 
We omit the (rather lengthy) proof of the next result which is not used in what
follows.
Corollary 4.6. Let T : X Ñ R be a (right exact) reflector from a semiabelian
variety X to a full and replete subcategory R of its abelian core. Then for n ě 0
and X in X , there is an isomorphism of R-objects
Yn : NatpExtnpX,´q, T |AbpX qq|R –Ñ LnT pXq,
which is natural in X and in T .
4.7. A Long Exact Homology Sequence, Semiabelian Case. Given a semi-
abelian category X with enough projectives, let T : X Ñ Ab be a right exact
functor, and consider a short exact sequence 0 Ñ K Ñ X Ñ Y Ñ 0 in X . If X
is abelian, there is the familiar associated long exact sequence of derived functors.
However, the example of X “ Gp shows that, for general X , the relationship
between the derived functors of K, X, and Y can be much more complicated.
On the other hand, we can say more in the special case where T is the reflector
from X onto a reflective subcategory R of the abelian core of X . Given an
extension (over Y ), that is, a regular epimorphism f : X Ñ Y , choose a kernel K
and divide out the Higgins commutator (2.6) to obtain the central extension
A– K{rK,Xs  ,2 ,2 X{rK,Xs  ,2 Y.
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Then construct T1pfq via the pushout of this central extension along the reflection
unit AÑ T pAq— £0pfq. This yields a reflector T1 : ExtpX q Ñ CExtRpX q, where
ExtpX q is the category of regular epimorphisms in X , and CExtRpX q is the full
subcategory of regular epimorphisms with central kernel, and whose kernel object
is in R. In this setting the derived functors of T1 are defined (up to a unique
natural isomorphism). Applied to f , the functor LnT1 gives a central extension of
the form
£npfq  ,2 – ,2 £npfq LnT1pfq ,2 0.
Via a result in [16], the proof given in Everaert [13], see also [21, 2.6], establishes a
long exact sequence in R:
¨ ¨ ¨ ,2 Ln`1T pY q
δn`1f ,2 £npfq
γnf ,2 LnT pXq f˚ ,2 LnT pY q ,2 ¨ ¨ ¨
¨ ¨ ¨ ,2 L1T pY q
δ1f
,2 £0pfq
γ0f
,2 L0T pXq
f˚
,2 L0T pY q ,2 0.
A key issue here (which will appear again in Remark 6.9) is the coincidence of
central extensions in the above sense with the central extensions relative to the
reflector T defined via categorical Galois theory in [16].
4.8. A Long Exact Cohomology Sequence. A similar result holds for cohomo-
logy. Let P pfq Ñ f be a simplicial projective resolution of f , and write
Extn1 pf,Aq– HnHomX p£0pP pfqq, Aq
for the cohomology of f with coefficients in an abelian object A ofX . Using results
in [17], we find:
Proposition 4.9. Let f : X Ñ Y be a regular epimorphism in a semiabelian cate-
gory X with enough projectives, and let A be an abelian object. Then the sequence
of abelian groups below is exact:
¨ ¨ ¨ Extn`1pY,Aqlr Extn1 pf,Aq
εn`1flr ExtnpX,Aqϕ
n
flr ExtnpY,AqExt
npf,Aqlr ¨ ¨ ¨lr
¨ ¨ ¨ Ext1pY,Aqlr Ext01pf,Aq
ε1f
lr Ext0pX,Aq
ϕ0f
lr Ext0pY,Aq
Ext0pf,Aq
lr 0lr
Theorem 4.10. Given a semiabelian variety X , consider a reflective subcate-
gory R of its abelian core with reflector T : X Ñ R. Then a regular epimor-
phism f : X Ñ Y in X has the associated commutative ladder of R-objects below.
NatpExtn`1pY,´q, T |AbpX qq|R
– Yn`1pY q

pεnf q˚,2 NatpExtn1 pf,´q, T |AbpX qq|R
pϕn´1f q˚,2
–

NatpExtnpX,´q, T |AbpX qq|Rpf
˚q˚,2
YnpXq –

NatpExtnpY,´q, T |AbpX qq|R
YnpY q –

¨ ¨ ¨ Ñ Ln`1T pY q
δn`1f
,2 £npfq
γnf
,2 LnT pXq
LnT pfq
,2 LnT pY q Ñ ¨ ¨ ¨
Proof. Apply T to a simplicial projective resolution p : P Ñ Q of f to obtain a
regular epimorphism of abelian simplicial objects. There is an associated short
exact sequence of chain complexes to which we apply Theorem 1.3. With the
identification of the homology of the kernel chain complex as the derived functors
of T1 in [13] the proof is complete. 
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5. Cohomology, Higher Dimensional Central Extensions,
and Satellites
In an abelian environment, Yoneda [51] achieved an interpretation of the groups
ExtnpX,Aq in terms of congruence classes of n-step extensions:
A ÝÑ Xn Ñ ¨ ¨ ¨ Ñ X1 ÝÑ X.
Here we explain a semiabelian analogue of Yoneda’s interpretation of Ext; see [47]
for details. It is based on categorical Galois theory and the concept of higher central
extension. In the case of groups, an alternative interpretation of the Ext groups in
terms of crossed extensions is available via work of [28, 29]. However, it is not clear
at this time whether a crossed interpretation of extensions extends to semiabelian
categories.
Then we use Yoneda’s view of Ext to relate the homological Yoneda lemma to
the satellites view of functor derivation.
This section also provides background needed in the following section on univer-
sal central extensions.
5.1. Extensions. Let x3y denote the category: 0 Ñ 1 Ñ 2. For n ě 1, the
category x3yn has the initial object in – p0, . . . , 0q and the terminal object tn –
p2, . . . , 2q. Moreover, it has an embedding αe,i : x3y Ñ x3yn parallel to the i-th
coordinate axis, for each object e whose i-th coordinate is 0.
Now, given objects X and A in X , an n-extension [17, 15] under A and
over X in X is a functor E : x3yn Ñ X which sends in to A, tn to X, so that
each composite below is a short exact sequence:
x3y αe,i ,2 x3yn E ,2 X
For example, a 1-extension under A and over X is just a short exact sequence
A “ E0 Ñ E1 Ñ E2 “ X. A 2-extension under A and over X is a 3 ˆ 3 diagram,
in which each row and column is short exact:
A “ E0,0  ,2 ,2_

E1,0
 ,2
_

E2,0_

E0,1
 ,2 ,2
_
E1,1
 ,2
_
E2,1
_
E0,2
 ,2 ,2 E1,2
 ,2 X “ E2,2
5.2. Centrality for Higher Extensions. Following the ideas in [33, 32], higher
central extensions were originally defined through categorical Galois theory in [17]
with the aim of extending the Brown–Ellis–Hopf formulae [9] to a categorical con-
text. Here we use an alternate approach based on the work of Rodelo and Van der
Linden [46], valid in semiabelian categories with enough projectives which satisfy
the Smith is Huq condition 2.5. It expresses the centrality condition from cate-
gorical Galois theory in terms of Higgins commutator (2.6) properties of a given
extension diagram: For a subset R Ď n– t0, . . . , n´ 1u, let
EpRq– Eε0,...,εn´1 where εi –
#
1 if i P R
0 if i R R.
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Definition 5.3. An n-extension E is central (with respect to abelianisa-
tion) if, for each R Ď n, the Higgins commutator (2.6) of the monomorphisms
EpRq Ñ Epnq Ð EpSq vanishes; here S is the complement of R in n.
So, for example, choosing R – H, we see that A “ EpHq is central in Epnq
and, hence, in EpRq, for every R Ď n. In particular, it is an abelian object.
5.4. Groups of Central n-Extensions. As in Yoneda’s theory of equivalence
classes of n-step extensions, we now define a central n-extension E, under A and
over X, to be congruent to another such extension E1 if there is a natural trans-
formation τ : E Ñ E1 which is the identity on A and on X.
‘Congruence’ generates an equivalence relation on central n-extensions under A
and over X; let CentrnpX,Aq denote the resulting set of equivalence classes. The
main results of [47, 46], based on torsor theory, combined provide a natural isomor-
phism
φ : ExtnpX,Aq –ÝÑ CentrnpX,Aq
wheneverX is a semiabelian category with enough projectives satisfying the Smith
is Huq condition (see 2.5).
Remark 5.5. The term ‘extension’ has been used with different meanings in pre-
vious publications related to this article. Beginning with [32] and later [12, 17], the
goal was to find a higher analogue for a regular epimorphism with central kernel.
The outcome was termed ‘n-fold central extension’. Subsequently, work toward
defining congruence classes of higher central extensions which correspond to coho-
mology required a refinement of the concept. Such a refinement is proposed in [47].
Accordingly, we now use the term ‘n-fold central extension’ exclusively for a dia-
gram as defined in 5.3. Such a diagram contains a cube of regular epimorphisms,
namely the restriction of E : x3yn Ñ X to t1, 2un. For clarity, following [47], we
now refer to this cube of regular epimorphisms as an n-cubical extension.
Thus, with terminology as explained, an n-fold extension as defined in 5.3 is
central if and only if its cube of regular epimorphisms is central in the sense of
categorical Galois theory (with respect to abelianisation).
5.6. Satellites. Now letX be a semiabelian category with enough projectives that
satisfies Smith is Huq (2.5).
Here is a satellites view of the relationship between homology and cohomology
established by the Yoneda isomorphism; compare [51, 42, 31, 25] in the abelian
case. Sending a central n-extension under A and over X to the pair pA,Xq yields
the span
X CExtnpX qevaltn
C
lr evalin
D
,2 AbpX q, (:)
where CExtnpX q denotes the category of n-fold central extensions in X . The
connected components of the fibre of this span form the functor
Centrnp¨,´q : X op ˆ AbpX q Ñ Ab : pX,Aq ÞÑ CentrnpX,Aq,
and these are naturally equivalent to cohomology in the guise of ExtnpX,Aq by [47].
On the other hand, as shown in [21], the n-th derived functor LnabX : X Ñ AbpX q
of the abelianisation functor is the right Kan extension of D along C.
We shall now connect this viewpoint with the homological Yoneda isomorphism.
Let the example of the category of groups suffice to explain the essence.
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Example 5.7 (Groups). Let ab: GpÑ Ab be the abelianisation functor. For a
group X and n ě 1, the homological Yoneda isomorphism 4.3 specialises to
NatpCentrnpX,´q, 1Abq – Hn`1X.
Explicitly, any element x of Hn`1X corresponds to a collection of group homomor-
phisms, natural in A:
ϕ “ pϕA : CentrnpX,Aq Ñ AqAP|Ab|.
How does this result relate to the satellites interpretation of homology? Corol-
lary 4.10 in [21] tells us that the Kan extension Hn`1X can be calculated as the
limit of the (large) diagram D: CExtnXpGpq Ñ Ab, see (:) above. Following Theo-
rem V.1 in [39], this limit may in turn by computed in such a way that an element
of its underlying set is given by a cone from the one-point set ˚ to D. That is to
say, an element of Hn`1X is determined by a (compatible) choice λ “ pλF qF of
elements λF of DpF q, one for each n-extension F over X, such that DpfqpλF q “ λG
whenever f : F Ñ G is a morphism of n-extensions over X. On the other hand,
a natural transformation such as ϕ above is given by the choice of an element
ϕAprF sq P A for each equivalence class rF s of a central extension F under A and
over X, again in the suitably compatible way. Now of course A “ DpF q, so to see
that the two types of choice correspond to one another, it suffices that the equiv-
alence classes in CentrnpX,Aq are compatible with the requirements on λ. This is
clear, because two central extensions F and G under A and over X are congruent
when there exists a zigzag between them of which all arrows restrict to 1A on the
initial object and 1X on the terminal object.
Example 5.8 (Lie algebras). A similar result holds for Lie algebras over a ring R.
Such a Lie algebra is abelian if and only if its Lie bracket (= Higgins commutator)
is trivial, so RLie contains RMod “ AbpRLieq as a Birkhoff subcategory. We again
take T equal to the abelianisation functor and obtain an isomorphism
NatpCentrnpX,´q, ab
RLieq – Hn`1X.
6. Universal Central Extensions
Let X be a semiabelian category with enough projectives, and let T : X Ñ R
be a reflector onto a subcategory which is contained in the abelian core of X . A
universal (central) extension over an object X is a universal element (in the sense
of [39, Section III]) of an Ext functor
ExtnpX,´q|R : R Ñ Ab.
In the present section we investigate under which circumstances such a universal
extension over an object exists and, when it does, how to construct it.
We need to address the fact that there is a fundamental difference between
the definition of universality for 1-extensions and that for higher extensions: a
central 1-extension over X is universal if it is an initial object in the category of
all central 1-extensions over X. On the other hand, in 6.17 we show that a double
central extension over an object X which is initial amongst such is necessarily the
zero double extension over X “ 0. Our approach avoids this problem by defining
universality of a central n-extension U in terms of a property of the cohomology
class rU s which it represents: rU s is a representing object for ExtnpX,´q|R. For
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n ě 1, we show that a universal n-fold central extension U over X and under
LnT pXq exists as soon as Ln´1T pXq “ ¨ ¨ ¨ “ L1T pXq “ L0T pXq “ 0.
6.1. Orthogonal Pairs of Subcategories. In a pointed category C we take
HomC pX,F q “ 0 to mean that X is left orthogonal to F , and that F is right
orthogonal to X. We write XKF and X P KF or, equivalently, XK Q F . We
always have KKK “ K.
A pair of full subcategories pT ,F q of C is called an orthogonal pair if the
following orthogonal complement relations hold:
T “ KF and T K “ F .
In a category of modules over a ring, an orthogonal pair of subcategories always
forms a torsion theory. In a semiabelian category, pT ,F q is a torsion theory
precisely when F is reflective in C [8].
6.2. Orthogonal Pairs in a Semiabelian Category. Now let X be a semia-
belian category with enough projectives, and let T : X Ñ R be a reflector onto a
subcategory which is contained in the abelian core of X . Then T determines an
orthogonal pair pT ,F q in X by setting
T – KR and F – T K.
This is so because HomX pX,Mq – HomRpTX,Mq for all M in R.
6.3. Acyclicity Classes of Order n. For n ě 0, an object X is called n-acyclic
(with respect to T ) if and only if
L0T pXq “ L1T pXq “ ¨ ¨ ¨ “ LnT pXq “ 0.
Let Tn be the full subcategory of X containing the n-acyclic objects.
Theorem 6.4. Let T : X Ñ R be a reflector from a semiabelian variety X to a
full and replete subcategory R of its abelian core AbpX q. Then an object X of X
belongs to Tn if and only if
Ext0pX,Mq “ ¨ ¨ ¨ “ ExtnpX,Mq “ 0 for each M in R.
Proof. Suppose X belongs to Tn, and let P Ñ X be a simplicial projective reso-
lution of X. Then the normalised chain complex C associated to TP is exact in
positions 0 ď i ď n, augmented by 0, and positionwise projective in R; see 3.6.
Thus the claim follows from Lemma A.2.
Now suppose ExtipX,Mq “ 0 for allM inR, and 0 ď i ď n. To see that LiT pXq
vanishes for all 0 ď i ď n, we use the higher Yoneda isomorphism (Theorem 4.5).
Indeed, the abelian group objects of the semiabelian variety X have underlying
abelian groups, and so:
NatpExtipX,´q, T |AbpX qq –ÝÑ LiT pXq.
We claim that the term on the left contains only the zero-transformation. Indeed,
if τ : ExtipX,´q ñ T |AbpX q is a natural transformation, consider its effect on an
arbitrary A in AbpX q. The reflection unit ϑA : A Ñ TA gives the commutative
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diagram
ExtipX,Aq τA ,2
pϑAq˚

TA
ϑTA“TϑA–

ExtipX,TAq
τTA
,2 T 2A
By assumption ExtipX,TAq “ 0. So τA “ 0, and LiT pXq “ 0 follows. 
Theorem 6.5 (Universal coefficient theorem). Let T : X Ñ R be a reflector from
a semiabelian variety X to a full and replete subcategory of its abelian core. If X
in X is pn´ 1q-acyclic, then the functors
HomRpLnT pXq,´q , ExtnpX,´q|R : R Ñ Ab
are naturally equivalent.
Proof. Let P Ñ X be a simplicial projective resolution of X in X . Then the
chain complex C associated to TP is augmented by 0, positionwise projective
in R, and exact in positions 0 ď i ď n ´ 1. It satisfies LnT pXq “ HnC and
ExtnpX,Mq “ HnpC,Mq. Now the claim follows from Lemma A.2. 
Definition 6.6. Let R be a reflective subcategory of a semiabelian category X
which is contained in AbpX q. For X in X , and M in R, an element U of
ExtnpX,Mq is called a R-universal if the natural transformation
υU : HomRpM,´q ñ ExtnpX,´q|R : R ÝÑ Ab
determined by υUN pf : M Ñ Nq– ExtnpX, fqpUq is a natural equivalence.
See Section III of [39] for a detailed account of the relationship between universal
elements and representable functors.
Theorem 6.7 (Existence of universal central extensions). Let X be a semiabelian
variety satisfying the Smith is Huq condition 2.5, and let R be a full and replete re-
flective subcategory of its abelian core. Then every object X in Tn´1 has a universal
R-central n-extension under LnT pXq and over X.
Proof. Let T : X Ñ R be a reflector. The element
U P CentrnpX,LnT pXqq 5.4– ExtnpX,LnT pXqq 6.5– HomRpLnT pXq,LnT pXqq
corresponding to 1LnT pXq is a universal R-central n-extension. 
Remark 6.8. We say that an R-central n-extension is universal if it represents
a universal R-central n-extension class.
Remark 6.9. Like in the one-dimensional case (see the last sentence of 4.7), the ter-
minology “R-central n-extension” used here agrees with the concept of “n-extension
in X , central with respect to the reflective subcategory R” from categorical Galois
theory. Indeed, in [16] the latter are characterised as central n-extensions E in the
sense of 5.4 of which the initial object DpEq lies in R.
Example 6.10. Let us interpret Theorem 6.7 in the case where X “ Gp is the
category of groups, and the reflector T : GpÑ Ab— R is abelianisation: If n ě 1,
then every group X with HnpX,Zq “ ¨ ¨ ¨ “ H1pX,Zq “ 0 has an Ab-universal
central n-extension U . (Note the dimension shift here: LnabGppXq – Hn`1pX,Zq.)
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— In other words, U is a congruence class of n-central extensions under Hn`1pX,Zq
and over X, and for every n-central extension E under an abelian group A and
over X there exists a unique morphism f : Hn`1pX,Zq Ñ A such that f˚pUq
represents the congruence class of E.
In Gp the representability of Hn`1pX,Zq is already assured if HnpX,Zq is tor-
sion free; this follows from the universal coefficient theorem for chain complexes of
free Z-modules. It means that the general theory of universal R-central extensions
developed here provides sufficient existence conditions which may be stronger than
necessary in particular semiabelian varieties.
The interpretation of Theorem 6.7 in the case where X is the category of Lie
algebras over some commutative unital ring R is similar.
6.11. How to Construct Universal Central Extensions. In what follows we
assume thatR is a Birkhoff subcategory of AbpX q—in other words, R is an abelian
subvariety of X . For any object X of X we write the kernel of the (regular
epimorphic) unitX Ñ TX of the reflection fromX toR as a commutator rX,XsR.
Furthermore, we adopt the cubical view on n-fold extensions of [17] recalled in
Remark 5.5. An n-fold presentation of an object X is an n-fold cubic extension
over X, see 5.5, in which all regular epimorphisms have a projective domain. It
may be obtained from the truncation of a simplicial projective resolution in position
pn´ 1q.
We are going to prove that, given an pn´1q-acyclic object X, its universal n-fold
central extension may be constructed as follows:
(1) consider an n-fold presentation F of X;
(2) centralise F to obtain the n-cubic central extension TnF ;
(3) take commutators pointwise to obtain the n-fold arrow rTnF, TnF sR;
(4) take kernels to obtain a x3yn-diagram U .
It turns out that U is weakly initial among all n-fold central extension over X.
Moreover, its direction is LnT pXq. It follows that the cohomology class represented
by U is indeed a universal central extension of X. To see this, the main difficulty
lies in proving the following key lemma.
Lemma 6.12. rTnF, TnF sR is an n-cubic extension.
It is an immediate consequence of the following general result which relates higher
acyclicity with properties of higher extensions.
Proposition 6.13. Let C be an n-presentation of an pn´1q-acyclic object X inX .
Then the diagram C Ñ TC in X is an pn` 1q-cubic extension over 0.
Proof. The object X being 0-acyclic means precisely that C Ñ TC is an pn`1q-fold
arrow over 0 “ TX.
We prove that C Ñ TC is an pn ` 1q-cubic extension by induction on n. For
n “ 1 the diagram C Ñ TC is a double cubic extension in X by sequential right
exactness of T and the fact that in any semi-abelian category, all pushout squares
of regular epimorphisms are regular pushouts.
Now suppose that the property holds for all 1 ď k ă n and let C be an n-
cubic extension. The strong E -Birkhoff property [17, Definition 2.5, Lemma 4.3]
tells us that C Ñ TnC is an pn` 1q-cubic extension. On the other hand, by the
Hopf formula, n-acyclicity of C means precisely that TnC is the trivialisation of C:
see Remark 5.12 in [14]. The induction hypothesis, however, tells us that then
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TnC Ñ TC is an pn` 1q-cubic extension. The result now follows because pn` 1q-
cubic extensions are closed under composition. 
Proof of Lemma 6.12. By Proposition 3.9 in [17], it suffices to note that rC,CsR is
the kernel of C Ñ TC. 
This easily gives us:
Proposition 6.14. U is weakly initial among the n-fold central extensions over X.
Proof. Since F is a weakly initial cubic extension, its centralisation TnF is weakly
initial central. The n-fold arrow rTnF, TnF sR, being a sub–cubic extension of TnF
by Lemma 6.12, is also weakly initial central. Since TnF Ñ T pTnF q “ T pF q is a
cubic extension over 0, the extension U is over X. 
Proposition 6.15. The direction of U is isomorphic to LnT pXq. Therefore, the
congruence class represented by U is a universal central n-extension of X.
Proof. Recall from [17] that the centralisation TnF of F is induced by dividing a
certain object TnrF s out of the object F pnq. (If R “ AbpX q, then TnrF s is the join
of the commutators in Definition 5.3, but in general this object is larger; see [16] for
an explicit description in the general case.) As a consequence, the direction of TnF
is DpF q{TnrF s, the quotient of the direction of F by this same object TnrF s. The
restriction of TnF to the commutator rTnF, TnF sR restricts the direction to
DpF q X rF pnq, F pnqsR
TnrF s ,
which is precisely the Hopf formula for LnT pXq; see Theorem 8.1 in [17].
Concerning the second part of the statement, the needed inverse to
υU : HomRpLnT pXq,´q ñ ExtnpX,´q|R : R ÝÑ Ab
is determined by the weak universality of U . 
Thus we proved:
Theorem 6.16. Suppose R is an abelian subvariety of semiabelian variety X
satisfying the Smith is Huq condition 2.5. Given an pn ´ 1q-acyclic object X, its
universal n-fold central extension rU s may be constructed as follows:
(1) consider an n-fold presentation F of X;
(2) centralise F to obtain the weakly initial n-cubic central extension TnF ;
(3) take commutators pointwise to obtain the (weakly initial) n-cubic central
extension rTnF, TnF sR;
(4) take kernels to obtain a x3yn-diagram U , which represents an n-fold uni-
versal central cohomology class rU s.
6.17. ComparisonWith the Standard Definition. Universal central (one-fold)
extensions are usually defined as initial objects amongst all central extensions of
a given (necessarily perfect) object—see [11, 22] for an account in the context of
semi-abelian categories. Let us explain why universality as defined above coincides
with this standard concept. We assume that X is a perfect object in a semi-
abelian category with enough projectives satisfying the condition (UCE) [11, 23]
and R “ AbpX q. Then indeed, given a central extension
0 ,2 H
h ,2 U
u ,2 X ,2 0
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both xηU , uy and x0, uy : U Ñ abpUq ˆX induce maps H Ñ abpUq. Uniqueness of
the induced map implies ηUh “ 0. Now ηUh : H Ñ abpUq is a regular epimorphism
by the long exact homology sequence and the fact that X is perfect, so abpUq “ 0:
that is, also U is perfect as in [41, Lemma 5.5]. Perfectness of the middle object
in a weakly universal central extension implies universality [11, Proposition 5.3],
so the result follows under the condition (UCE). As explained in [11], unlike what
happens for groups [41], 2-acyclicity of the middle object U need not be sufficient
for universality in general semiabelian categories.
6.18. The Standard Definition Does Not Extend to Higher Degrees. This
standard approach to universal central extensions as initial objects does not naively
extend to higher degrees. A quick argument goes as follows. Consider a double cubic
central extension
X

,2 C

D ,2 P
over some object P , and assume it is universal in the strict sense; i.e. it is an initial
object amongst double cubic central extensions over P . Taking into account that
any double cubic extension can be centralised, and that any two regular epimor-
phisms over P give rise to some double cubic extension, we see that, say, f : C Ñ P
factors uniquely over any given regular epimorphism. As a consequence, C, and
hence also P , is trivial. To see this, it suffices to note that xg, fy : C Ñ Aˆ P can
only be unique for any given A if C is an initial object, so C “ 0.
Appendix A. Homological Considerations
The following diagrammatic view of chain complexes and homology is intended
to reveal the completely elementary nature of the proofs of 1.1 and 1.3. As in
MacLane [38, p. 259], let ch be the category depicted thus:
¨ ¨ ¨ ,2 n` 1 dn`1 ,2
tn`1 )
n
dn ,2
tn

n´ 1 ,2 ¨ ¨ ¨
z
in
LR
in´1
5?
The object set is Z ` tzu, and the morphisms are generated by the ones displayed
(for each n P Z), subject to the relations tnin “ 1z and dndn`1 “ in´1tn`1. The
category of chain complexes in an abelian category A is isomorphic to the category
of functors chÑ A sending z to 0. If C : pch, zq Ñ pA , 0q is a chain complex, we
write dCn : Cn Ñ Cn´1 for Cpdnq : Cpnq Ñ Cpn ´ 1q. The category ch is self dual
via the isomorphism determined by ω : chÑ chop, ωpnq– ´n, ωpzq– z.
A.1. Homology. Given a chain complex C in A , its homology in position n is
usually introduced via the cokernel construction below:
KerpdCn q  ,2_

CokerprdCn`1q— HnC — HcnC
Cn`1
dCn`1
,2
rdCn`1 5=
Cn
dCn
,2 Cn´1
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In addition, we obtain a chain complex in A op via the composite D – Copω:
ch
ω ,2 chop
Cop ,2 A op
Then Hc´nD is given by the diagram on the left below, which resolves to the diagram
on the right.
KerppdCn`1qopq  ,2_

HcnC
op “ Hc´nD
Cn´1 pdCn qop
,2
ČpdCn qop 4=
Cn pdCn`1qop
,2 Cn`1
CokerpdCn`1q
d
C
n
u}
HcnC
op — HknC
lrlr
Cn´1 Cn
dCn
lr
_LR
Cn`1
dCn`1
lr
Thus the cokernel construction of the homology on Cop is a kernel construction of
a homology object of C. Via the snake lemma applied to the diagram below, we
see that these two constructions are naturally isomorphic.
Cn`1
dCn`1 ,2
rdCn`1

Cn
 ,2 CokerpdCn`1q
d
C
n

KerpdCn q  ,2 ,2 Cn
dCn
,2 Cn´1
Now consider a short exact sequence of chain complexes:
0 ,2 A  ,2 ,2 B  ,2 C ,2 0
There is an associated long exact sequence of kernel constructed homology objects.
We explain the construction of the connecting morphism Bkn : Hkn`1C Ñ HknB via
the diagram below.
An`2  ,2 ,2

Bn`2  ,2

Cn`2
dCn`2

Hkn`1C “ KerpdCn`1q_

HknA_

An`1  ,2 ,2
dAn`1

Bn`1  ,2

Cn`1  ,2
dCn`1

CokerpdCn`2q
d
C
n`1s{
CokerpdAn`1q
d
A
n !)
An
dAn

 ,2 ,2

lr Bn
 ,2

Cn
An´1  ,2 ,2 Bn´1
(1) Form the pullback
Xn`1  ,2

Hkn`1C_

Bn`1  ,2 Cn`1  ,2 CokerpdCn`2q
(2) The composite Xn`1 Ñ Bn`1 Ñ Bn Ñ Cn is 0. So Xn`1 Ñ Bn`1 Ñ Bn lifts
uniquely to an arrow Xn`1 Ñ An, and composes to Xn`1 Ñ CokerpdAn`1q.
(3) The composite Xn`1 Ñ CokerpdAn`1q Ñ An´1 vanishes. So the morphism
Xn`1 Ñ CokerpdAn`1q lifts uniquely to a morphism Bkn`1 : Xn`1 Ñ HknA.
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(4) Let K – KerpXn`1 Ñ Hkn`1Cq “ KerpBn`1 Ñ CokerpdCn`2qq. We claim that
the composite K Ñ Xn`1 Ñ HknA vanishes. Indeed, the canonical morphisms
An`1 Ñ Xn`1 and Bn`2 Ñ Xn`1 lift to K and conspire to form an epimor-
phism An`1‘Bn`2 Ñ K. Composing this arrow with Bkn`1 gives zero. Hence
Bkn`1 factors uniquely through Hkn`1C to give Bkn`1 : Hkn`1C Ñ HknA.
Essential in the construction of Bkn`1 is that it only involves a certain pullback,
combined with unique lifting/factorisation situations. Therefore dualisation turns
the chain complexes into cochain complexes, the kernel construction of homology
objects into the cokernel construction of cohomology objects, and the connecting
morphism δn`1c : HncAop Ñ Hn`1c Cop now relies on a certain pushout, combined
with unique factorisation/lifting situations. In the proof of Theorem 1.3, cochain
complexes of Hom-functors assume the role of the dual complexes of A, B, and C.
Applying now Natp¨, T q just reverses the dualisation procedure by which we ob-
tained δn`1c , and yields the connecting morphism Bkn`1 of the short exact sequence
of chain complexes 0 Ñ TA Ñ TB Ñ TC Ñ 0. This is the reason why the
Yoneda-homology commutation is compatible with the connecting morphism.
The following lemma is needed in Section 6.
Lemma A.2. In an abelian category A with enough projectives, fix n ě 1 and
consider a bounded-below positionwise projective chain complex
¨ ¨ ¨ Ñ Cn`1 dn`1 ,2 Cn dn ,2 Cn´1 Ñ ¨ ¨ ¨ Ñ C0 Ñ 0
with HiC “ 0, whenever 0 ď i ď n´ 1. Then for any A in A :
(1) HnpC,Aq – HomA pHnC,Aq;
(2) HipC,Aq “ 0 for 0 ď i ď n´ 1.
Proof. (i) Consider the exact sequence below:
K – Kerpdn´1q  ,2 ,2 Cn´1 ,2 ¨ ¨ ¨ ,2 C0  ,2 0
The key is that, omitting K, we are left with a segment of a projective resolution of
the 0-object, and so K is “syzygied” to 0. This implies the claim with an elementary
computation. — Part (ii) follows because, for 0 ď i ď n´ 1,
HipC,Aq – Extip0, Aq – 0. 
Added in proof. At the 2015 Categorical Algebra workshop in Gargnano, Italy,
George Janelidze informed us of his perception that the homological Yoneda isomor-
phism should really be seen as the Ab-enriched Yoneda isomorphism plus ‘something
else’ about the category of functors A Ñ Ab. This perception turned out to be
fruitful, as it resulted in the following new insights:
(i) Right exact functors are injective relative to the kernels of maps between
representable functors HomA pX,´q.
(ii) In the setting of Lemma 1.1, the homological Yoneda-isomorphism follows
then with this computation:
HnTC – HnNatpHomA pC,´q, T q – NatpHnHomA pC,´q, T q .
We observe further [19, 7.11] that globally injective functors are always right exact.
However, [19, p. Chap. 7], the converse is not true as there are right exact functors,
and even exact ones, which are not globally injective.
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